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A. Multivariate Extremes

How to determine the probability that an independent

observation falls into the failure set C7

Suppose we have n i.i.d. observations of (X,Y), though

well far away from the failure set C.

Failure set because its points (may) represent failure
of the system.

Typical example: (X,Y) are sea level conditions (for
instance wave heigh and surge) and (z,y) € C (may)
leads to a flood.

So there are two (or more) random variables involved
and we are concerned with joint extremes
= Multivariate Extreme Value Theory

de Haan and Resnick (1977); Resnick (1987); de Haan
and Ferreira (2006)



Let (X;,Y;) i.i.d. random vectors from

F(z,y) = P(X <z,Y <vy).

If there exist an,c, > 0, and b,,d, real (normaliz-

ing constants) and G is a d.f. with non-degenerate
marginals such that, as n — oo,

F"(anz + bn, cny + dn)
X1,...,.X,) — b,
—p (max( 1, s ) S

an ’
max(Y1,...,Y,) —d,
: <) > G, (1)

then we have convergence (in distribution) of the joint

(normalized) maxima and G is a multivariate extreme
value distribution.

This implies convergence of the marginals F;, 1 = 1,2,

F{L(anx + bn) _>d exp <_ (1 + '7133)_1/’71) :

F¥(enx + dn) =% exp (— (1+ ’72?1)_1/72) :
14+~y2z >0, 142y >0, for some

v, € R the (marginal) extreme value indices.
This is equivalent to, with U, := (1/(1-F;))*,i= 1,2,

Ui(nz) — Ui(n) IR " — 1 Us(ny) — Uz(n) IR Yy — 1.
Qn Y1 Cn Y2




Let

U — U -1
_ Ui(nzx) 1(n) _)x _

an Y1
Yn 1= Uz(ny) — Uz(n) _ Yy — 1.
Cn Y2

Convergence (1) implies (by uniform convergence type
arguments and Fy, F» continuous), as n — oo,

F"(anTn + bn, cnyn + dpn)
~ F"(Ui(nz),U(ny))

1 —
~ P(maX(Xl,...,Xn)§<1_F1> (nx),

max(Y1,...,Y;,) < (1 —1F2> (ny)>

1 1
~ P(max( ey )gnx,
1— F1(X1) 1— F1(Xy)

1 1
max (1 TR0 T F2<Yn>> s ""y)

xn —1 yr -1
- G( v ) —: Gola,y) (2)
Y1 Y2

Note the standardized Pareto 1/(1 — Fi(z)) = 1 —
1/, > 1, i = 1,2, and the Fréchet Go(z,o0) =

Go(oo, z) = e 1/%, 2 > 0, marginals.

Focus now on the dependence structure.

Examples of (standardized) multivariate extreme value

distributions:

Go(z,y) =e V¥ TV £ 4>0 Gef froy(1958)

Go(z,y) = e (@ v =@+07) 2050 Sibuya(1960)
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From (2), for =,y > 0,

JLngon{l — F(Ui(nz),Uz(ny))} = —log Go(z,y).
Let
lim nP 1 > or >

n nIx mn
ns00 1— Fi(X1) 1— (Y)Y

. 1 1
= amnk (n(l “Rxy) -t na—mo)) y)

= —109Go(z,y) =: v{(s,t) :s>xz ort>y}.

Note, e.g. when v; > 0,

1 y*—1 1
lim Go(z,y) = G (--, J ) <G (——,oo) = 0.
z—0,y>0 Y1 Y2 Y1

More generally, for all Borel sets A C [0,00)? with
inf,,ea max(z,y) >0 and v(0A) =0

) 1 1
v{4) =l nP { <n<1 ~ X)) n(l = F2<Y>>) € A} '

The exponent measure v is finite on [0,00)? \ [0, a]?,
Ya > 0.

The exponent measure may be a way to access to

probabilities of extremes (in the limit).



Homogeneity property of the exponent measure:

v(cA) = ¢ w(A), Ve>O0.

From the exponent measure or related functions, and
their properties, one finds ways to characterize multi-
variate extreme value distributions:

- the function L and the level sets Q. (e.g. Huang
(1992); de Haan and Ferreira (2006))

- the dependence functions from Sibuya (1960) and
Pickands (1981).

Estimators of these can be constructed which lead to
the estimation of Go:

- L and Q. (e.g. Huang (1992); de Haan and Fer-
reira (2006))

- estimation of Pickand’s dependence function (e.g.
Capéraa, Fougeéeres and Genest (1997); Capéraa
and Fougeéres (2000)).



The function L can be defined by

L(z,y) := —log Go (1/x,1/y)

for z,y > 0. We can express the function L in terms

of the exponent measure v as

L(ar:,y)zy{(s,t)e[O,oo)2 s> 1/x Ort>1/y} .

Proposition 1 (Properties of the function L). 1.
Homogeneity of order 1: L(ax,ay) = aL(z,y), for
all a,x,y > 0.

2. L(x,0) = L(0,z) =z, for all z > 0.
3. zVy < L(z,y) <x 4wy, for all z,y > 0.

4. Let (X,Y) be a random vector with distribution
function Go. If X and Y are independent, then
L(z,y) =x+y, for xz,y > 0. If on the other hand
X and Y are completely positive dependent, i.e.
X =Y a.s., then L(xz,y) = max(z,y) for z,y > 0.

5. L is continuous.

6. L(xz,y) is a convex function: L(A(z1,y1) + (1 —

A)(x2,y2)) < AL(x1,y1) + (1 — X\)L(=x2,y2), for all
r1,Y1,T2,y2 > 0 and X € [0, 1].



The function L leads to a characterization of the limit
distribution in the following way. For ¢ > 0 define the
level sets ). by

Qc = {(z,y) €[0,00)* : L(z,y) <c}.

The sets (). have the following properties:
1. Q. is a closed convex set.

2. The points (0,0), (¢,0) and (0, c) are extreme points.

3. Qec=cQ1.

The convexity of the level set ()1 is characteristic for
a limit distribution as the following theorem shows.
Theorem 1. For any simple max-stable distribution
Go define the set Q1 by

Q1 := {(z,y) € [0,00)*: —log Go (1/z,1/y) < 1} .
(3)
The set Q1 is closed convex and the points (0,0), (0,1)
and (1,0) are vertices. Conversely any closed convex
set Q1 with vertices (0,0),(0,1) and (1,0) gives rise
to a limit distribution Gqo for which (3) holds. The

mapping is one-to-one.



Sibuya (1960) (see also Geffroy (1958)) introduced
fort >0

x(t) = —109Go(1/t,1) +10gGp (1l/t,0) + log Gp (00, 1)
= L(t,1) — L(t,0) — L(0,1) .

By the homogeneity of the function —log Gg the func-
tion x determines the function Ggo. The determining
properties for the function y are:

1. x is convex,

2. ((=t) V (=1)) < x(t) <0 for t > 0.



Pickands (1981) introduced for 0<¢t<1

1 1
A() ;= —logGo | ——, = | = L(1 —t,t) .
(6):=~10aGo ({37 ) =L~ 1.0
By the homogeneity of the function —log Gg the func-
tion A determines the function Gg. The determining

properties of the function A are:
1. A is convex
2. A(0)=A(1) =1
3. ((1—-t)vie) <A(t) <1.

Any function A satisfying Properties (1)—(3) leads to
a unique limit function Go.



Estimate

B 1 1

=7 ((n(l — F1(X1)) n(1 - Fz(Y))> © Qn)

with

. 1 1 . x
O {<n<1 ~ @) (i = Fz(y))) (@y) € C"} '

If Q, = ¢S, ¢ — oo, S fixed (open) Borel set in
[0, 00)? with inf, ,ecs max(z,y) > 0 and v(8S) = 0, and

1
(n/k)F (((n/k)(l — (X))’
1

(af i) (T = Fz(Y))> € cn > ~ v(enS)

(n/k — o) we have for the failure probability

v(cnS) _ v(S)
n/k  can/k’

Pn =

The proposed estimator is

R k4
Pn — —V(S)

ncy

LR R k k e
nen k= n(l—F(X;)) n(1l-—F(Y)) Cn

where {(X1,Y1)},—, is an i.i.d. sample of size n.

Consistency e.g. Ferreira, de Haan and Lin (2005).
Application e.g. Ferreira and de Haan (2005).



B. Extremes in CJ[0, 1]

C[0,1] - Space of continuous functions f on [O,1]
equipped with the supremum norm sup,¢(o 1] £ (s)].

MO TIVATION

If f is a deterministic function on [0,1] and X a ran-

dom function on [0, 1] how can we estimate

pn = P{X(s) > f(s) for some s € [0, 1]}7

Suppose we have n i.i.d. observations of X, where

none of it comes close to the boundary function f.

For instance f may represent the top of a dike along
a coast and X the high tide water levels monitored
along this coast.

Failure set because a breach in the dike at any place

(may) leads to a flood.

Extremes in function space: we shall start with limit

theory for pointwise maximum of i.i.d. random func-

{ max X’L(S) - bs(n)}
s€[0,1]

tions

1<i<n as(n)
where as(n) > 0 and bs(n) real are continuous func-
tions in [0, 1].

Giné, Hahn and Vatan (1990); de Haan and Lin (2001)
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THE LIMIT DISTRIBUTION

Suppose in C][0, 1],

{ max Xi(s) — bs(n)} o] —d {Y (s)}sero1] - (4)
s€|0,1

1<i<n as(n)

for the given normalizing functions. Let the marginal
d.f.’s

Fy(z) 1= P(X(s) < ),
be continuous for each s € [0,1]. From (4),
F! (as(n)x + bs(n))
P (max(Xl(s), . (, );'n(s)) — bs(n) < a:)
—d exp (— (1+ 'y(s)x)_lm(s))

with ~v(s) € R (in fact the index function is a continu-

ous function in s € [0,1]).

Moreover

nll—q)]on {1 - Fs(as(n)x + bs(n))} - (1 + ’7(8)33)_1/’7(8)
(5)
for each s € [0,1], 1 4+ v(s)z > O.



Combining (4) and (5) (plus uniform convergence type
arguments), in C[0, 1],

1
max —
{1<i<n n{l — Fs(X;(s))} }36[0,1]

{436y En"0}

d

s€[0,1] .

Note, for £ > 0 and each s € [0, 1],

P ((1 + ()Y () < w) =P (Y<s> < xli—T)

() _ 1\ —1/7()
= exp | — (1 _|_ fy(s)x’y—l) — e—l/x.
v(s)

EXPONENT MEASURE

For every Borel set

AC{fecC[0,1]: f>0}

such that inf{sup,cjo1]|f(s)|: f € A} > 0 and v(0A) =
0,

| 1 .
lim P ({n{l . Fs<xi<s>>}}se[0,u ‘ A) = v

Homogeneity property of the exponent measure:

v(cA) = ¢ w(A), Ve>O0.
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To study the limit distribution of maxima in C[0, 1] is,
basically, to study the limit relation in CJ[0, 1]

1 d
;@g&%n (6)

for i.i.d. stochastic processes {gi(s)}se[ovl] in
ct[0,1] := {f € C[0,1] : f > O},
and
P(n(s)<1)=e ", 2>0,s€0,1].
The stochastic process {77(5)}36[0,1] is called simple

max-stable and corresponds to the class of limit pro-
cesses in (6).

11



EXAMPLE (Brown and Resnick, 1977)

Let {W;}2, be i.i.d. standard Brownian motions on
t >0,

> _ Wi(1+t/b2) —bp/1 4 t/b2 S

where the sequence b, is choosen properly. Consider

C[0, ) the space of continuous functions with the
topology of uniform convergence on bounded inter-
vals. They showed that

{pg% Zn,i(t) }M - SUPATI + B/ (D }izo
where {T;}>2, are points of a PPP on R with mean
measure e *dx, z € R, and B} (t) = B;(t) —t/2, with B;

i.i.d. standard Brownian motions.
For the marginals note:

If {X;}2, are i.i.d. N(0,02), for e.g. with b, =

Vv2logn — loglogn — log 4

P max(X1,...,X,) — byo
o/bn

< :13) — exp (—e_x) , x€R.
For fixed ¢t > 0, W;(14+t/b2)NN(0,1+41¢/b2) and indeed

the marginal distributions of sup;>1 {T; + B;(t)},., are
exp (—e ), z € R.

12



BACK TO THE APPLICATION
Estimate

pn = P (X (s) > fn(s) for some s € [0, 1])

1 1
_P<WMOU—PKX@D}>OUM{L—EUM@H

for some s € [0, 1]>.

If (n/k)"1{1 — Fs(fn(s))} ' = cuh(s), cn — oo, the set
{9 : g(s) > cyh(s) for some s € [0,1]}
satisfy the above conditions, n/k — oo and

(nM&P< L > enh(s)

(n/k) {1 — Fs(X(s))}

for some s € [0, 1]>

~v{g: g(s) > cyh(s) for some s € [0,1]}

we have for the failure probability

_v{g:g(s) > cyh(s) for some s € [0, 1]}
~ n/k

n

= iz/{g : g(s) > h(s) for some s € [0,1]}.

Cn

13



The proposed estimator is

k ~
pn = —0v{g : g(s) > h(s) for some s € [0, 1]}

ncy

k1L ) k . k
T nenk — n (1 — F’S(Xi(s))) ney, (1 — F’s(fn(s)))
for some s € [0, 1]}
where {Xi(s)}se[o,l]' t=1,...,n, is an i.i.d. sample.

Consistency in Ferreira, de Haan and Lin (2005).
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