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Outline:
• Dis
uss some basi
 notions: Markov 
hains, ex-tremal index, extremal fun
tions, max-domain ofattra
tion, dependen
e 
hara
terizations.
• Markov 
hains: estimation of the extremal index.
• Simulations
• Generalizations
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Consider:
• Stationary sequen
es of r.v.'s, {Xn}n≥1, with 
om-mon marginal 
ontinuous d.f. F (x), x ∈ (αF , ωF).
• Condition on the marginal F ,

∀τ>0 ∃{un}n≥1
: n(1− F (un))→ τ (1)(If Xi's are independent then (1) ⇔

F n(un) = P (max(X1, . . . , Xn) ≤ un)→ e−τ .)
• Distribution of maxima,

pn(x) = P (max(X1, . . . , Xn) ≤ x) .

• Markov pro
ess (in dis
rete time with 
ontinuousstate spa
e) of order d,
pn(x) =

pn−d
d+1(x)

pn−d−1
d (x)

, n ≥ d, x ∈ (αF , ωF).

3



EXTREMAL INDEX θ ∈ [0,1](Leadbetter, Lindgren, and Rootzén (1983))
{Xn}n≥1 is said to have extremal index θ if, additionallyto (1),

P (max(X1, . . . , Xn) ≤ un)→ e−θτ . (2)Dependen
e 
onditions related to the extremal index?
• Under D(un) and D′(un) for all linear normaliza-tion, if the normalized maxima 
onverges in distri-bution for some non-degenerate G, then G = Gθ

γ.
• Under D(un), θ exists.Dependen
e 
onditions related to the estimation ofthe extremal index?
• E.g. Hsing and 
o-authors (1988,1991,1993),Weissman & Novak (1998): establish 
onsisten
yand asymptoti
 normality of some estimators ofthe extremal index (e.g. runs and blo
ks) undersome stonger dependen
e 
onditions than D(un),or other 
ontitions ... 4



• More applied papers, e.g. Smith & Weissman(1994), An
ona-Navarrete & Tawn (2000) basi-
ally �assume� the above 
onditions.Markov 
hains?
• All 
ontinuous state spa
e Markov 
hains withnon-degenerate transition probabilities satisfy D
ondition (O'Brien, 1987).



EXTREMAL FUNCTIONS {ǫn(.)}n≥1Sequen
e of fun
tions de�ned by,
ǫn(x) =

logP (max(X1, . . . , Xn) ≤ x)

logP (X1 ≤ x)
, (3)for x ∈ (αF , ωF); whenever 
lear we omit the argumentof the extremal fun
tions and simply write ǫn.Examples:1. I.i.d. r.v.'s: ǫn(x) = n, for all x.2. R.v.'s totally dependent: ǫn(x) = 1, for all x.3. Stationary Markov 
hains of order d:

ǫn = (n− d)ǫd+1 − (n− d− 1)ǫd, n ≥ d.Note,
ǫn =

log pn

log p1
= (n− d)

log pd+1 − log pd

log p1
+

log pd

log p1
,for n ≥ d.
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Stability 
ondition on the extremal fun
tionsThe extremal fun
tions are 
alled stable over the realsequen
e {un}n≥1 if, for ea
h integer k ≥ 1, there existnon-negative 
onstants ∆k su
h that
∣

∣ǫn(un)− kǫ[n/k](un)
∣

∣ ≤∆k, n→∞, (4)where [ ] denotes the integer part.Continuation of the Examples1. I.i.d. r.v.'s, ǫn = n:
0 ≤ ǫn − kǫ[n/k] ≤∆k = k, for all n and k ≤ n.2. Total dependen
e, ǫn = 1:
∣

∣ǫn − kǫ[n/k]

∣

∣ = ∆k = k − 1, for all n and k ≤ n.3. Stationary Markov 
hains of order d: for un → ωF ,a possible 
hoi
e is
∆k = k(d + 1)2.
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STATIONARY MARKOV CHAINS, MAX-DOMAINOF ATTRACTION, EXTREMAL FUNCTIONS andEXTREMAL INDEXStatement 1 The distribution of the maximum ofthe Markov 
hain 
onveniently normalized is in thedomain of attra
tion of some extreme value distribu-tion: P (max(X1, . . . , Xn) ≤ anx + bn)→ Gγ(x).Corollary 1 (Ferreira (2005)). If {ǫn(.)}n≥1 are stableover {un}n≥1 and limn→∞ ǫn(un)/n exists for some τ >

0, then {Xn}n≥1 has extremal index θ and
θ = lim

n→∞
ǫn(un)

n
. (5)Conversely, if the pro
ess has extremal index then

limn→∞ ǫn(un)/n exists for some τ > 0, and (5) holds.Note:
ǫn(un)

n
=

logP (max(X1, . . . , Xn) ≤ un)

n logP (X1 ≤ un)

∼x↑1
logP (max(X1, . . . , Xn) ≤ un)

−n(1− F (un))

∼x↑1
−θτ

−τ
= θ. 7



ESTIMATION OF θ (A)We had,
θ ≈ logP (max(X1, . . . , Xn) ≤ un)

n logP (X1 ≤ un)
,whi
h motivates,

θ̂n =
log

(

1
k

∑k
i=1 1{M (i)

r ≤vn}
)

r ̂logP (X1 ≤ vn)
. (6)Rewrite a sample of size n, (X1, . . . , Xn) by

{X(j)
i }i=1,...,r;j=1,...,k

=
(

X(1)
1 , . . . , X(1)

r , X(2)
1 , . . . , X(2)

r , . . . , X(k)
1 , . . . , X(k)

r

)that is,
n(sample size) = r(blo
ks size)×k(number of blo
ks).For ea
h sub-sample of size r, i.e. for ea
h j =

1, . . . , k, denote
M (j)

r = max
(

X(j)
1 , . . . X(j)

r

)

,and use the empiri
al d.f. to estimate
P (max(X1, . . . , Xn) ≤ ·); {vn}n≥1 is some appropriatesequen
e and ̂logP (X1 ≤ vn) is any "
onsistent� esti-mator of the sequen
e of tail probabilities logP (X1 ≤
vn). 8



A 
on
rete example of θ̂n is, with vn = Xn−τ+1,n, τ/n→
0 (in parti
ular τ 
an be �xed),

θ̂A
n =

∑k
i=1 1{M (i)

r >Xn−τ+1,n}
τ

.It gives a kind of proportion of blo
k maxima whi
hlie above the threshold. Note that the total of blo
kmaxima above Xn−τ+1,n 
an not ex
eed τ .Other example is,
θ̂SW =

log
(

k−1
∑k

i=1 1{M (i)
r ≤Xn−τ+1,n}

)

r log
(

n−τ+1
n

)(e.g. Smith and Weissman, 1994).
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Theorem 1 (Consisten
y of θ̂n, F. & F. (2007)). As-sume that for some sequen
es {vn}n≥1 and r = {rn}n≥1,with r ≥ d,
ǫr(vn)

r
→ θ ∈ [0,1], n→∞.1. For pr → p0 ∈ (0,1), take k = {kn}n≥1 → ∞ and

log p1 → 0 or,2. for pr → 1, take k(1−pr)→∞ and (1−pr)−2 log p1 →
0,and let ̂logP (X1 ≤ vn) be any 
onsistent estimator of

log p1 (i.e. ̂logP (X1 ≤ vn)/ log p1 →P 1). Then
θ̂n →P θ, n→∞.
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ESTIMATION OF θ (B)Denote by Fd+1 the joint d.f. of d + 1 
onse
utiver.v.'s from a stationary Markov 
hain of order d;
Fd+1 ∈ D(Gγ) if, there exists (d + 1)−dimensionalsequen
es {an}n≥1 > 0 and {bn}n≥1, and a (d + 1)-dimensional d.f. Gγ with non-degenerate marginals,su
h that,

lim
n→∞

P

(

max (X1, . . . ,Xn)− bn

an
≤ x

)

= Gγ(x) (7)(
onsider all operations taken 
omponentwise) for all
ontinuity points x = (x1, . . . , xd+1) of Gγ; the 
ompo-nents of γ = (γ1, . . . , γd+1) are the marginal extremevalue indi
es.
Fd+1 ∈ D(Gγ) in terms of �Fré
het marginals�,

lim
n→∞

P

(

max
1≤i≤n

(

1

1− F (X(i)
1 )

, . . . ,
1

1− F (X(i)
d )

)

≤ nx

)

=G

(

xγ − 1

γ

)

, x ∈ (0,∞)d.
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The dependen
e fun
tion L introdu
ed by Huang and
o-authors (
f. Huang (1992)) is de�ned by
L(x) = − logG

(

x−γ − 1

γ

)

, x ∈ (0,∞)d. (8)When the 
omponents of the ve
tors x and γ are allequal, x and γ say, respe
tively, we shall simply denote
Ld(x) in the left-hand side of (8).Proposition 1. If Fd+1 ∈ D(Gγ),
lim
n→∞

ǫn(un)

n
= lim

n→∞
ǫd+1(un)− ǫd(un) = Ld+1(1)− Ld(1),for {un}n≥1 = {(1/(1−F ))←(nx)}n≥1 and x > 0. When

d = 1 this simpli�es to
ǫn(un)/n→ L2(1)− 1.�Proof� . Fd ∈ D(Gγ) implies

lim
n→∞

n (1− Fd(un)) = − logG0

(

xγ − 1

γ

)

= Ld(1/x).Therefore,
ǫd(un) ∼

log pd(un)

log p1(un)
∼ 1− pd(un)

1− p1(un)
∼ unLd(1/un) = Ld(1),the equality by the homogeneity of L: L(ax) = aL(x),for all a > 0 and x ∈ (0,∞)d. 12



The last result motivates the estimator,
θ̂L = L̂d+1(1)− L̂d(1). (9)Estimators for L are known from Huang & 
o-authors.Or, one 
an use many of the known relations amongthe several dependen
e fun
tions or dependen
e pa-rameters in e.v.t. Just to mention a few:

• 
ase d = 1, λ = 2 − L2(1), with λ the Sibuya's(1960) tail dependen
e 
oe�
ient;
• 
ase d = 1, χ(t) = L(t,1) − t − 1, with χ(t), t >

0, the dependen
e fun
tion introdu
ed by Sibuya(1960) and Ge�roy (1958);
• 
ase d = 1, L(1,1) = 2A(1/2), where A is thePi
kands's (1981) dependen
e fun
tion.
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Theorem 2 (Consisten
y and asymptoti
 normalityof θ̂L, F. & F. (2007)). If Fd+1 ∈ D(Gγ) and θ exists,1. θ̂n →P θ, n→∞.2. Suppose, additionally, that for some α > 0 andfor all x, y > 0 (t→∞)

t

{

1− Fd+1

((

1

1− F

)←(
t

x

))}

= Ld+1(x)+O(t−α) ,holds uniformly on {∑x2
i = 1, xi ≥ 0, i = 1, . . . , d

}and Ld+1 has 
ontinuous �rst order partial deriva-tives near 1. Then, for k →∞, k = o
(

n2α/(1+2α)
),

√
k
(

θ̂L − θ
)

→d N
(

0, σ2
d+1 + σ2

d

)

,where N is a standard normal r.v.,
σ2

d = Ld(1) +

d
∑

i=1

(

(

L(i)
d+1(1)

)2

− 2L(i)
d+1(1)

)

+ 2

d
∑

i=1

d
∑

j=1,j 6=i

L(i)
d+1(1)L(i)

d+1(1)
(

2− L(i,j)
d+1

)

and similarly for σ2
d+1.
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SIMULATIONSConsidered pro
esses:
• Max-autoregressive pro
ess (Markov 
hain of or-der 1): Wn i.i.d. unit Fré
het

{

X1 = W1/θ
Xn = max{(1− θ)Xi−1, Wn}, n ≥ 2.Consider θ = 0.5.

• Markov 
hain of order 1 with 
opula (Kimeldorfand Sampson (1975)),
C(u, v) = u+ v−1+((1−u)−1 +(1− v)−1−1)−1,for u, v ∈ (0,1); θ = .5;

• Markov Gaussian pro
ess,
{

X1 = (1− α2)−1/2ǫ1
Xn = αXn−1 + ǫn, n ≥ 2,where {ǫn}n≥1 are i.i.d. N(0,1 − α2) r.v.'s; take

α = 0.5; θ = 1.
15



Considered estimators:
θ̂A

n =

∑k
i=1 1{M (i)

r >Xn−τ+1,n}
τ

θ̂B
n =

n log
(

k−1
∑k

i=1 1{M (i)
r ≤Xn−τ+1,n}

)

−rτ

θ̂SW =
log

(

k−1
∑k

i=1 1{M (i)
r ≤Xn−τ+1,n}

)

r log
(

n−τ+1
n

)(e.g. Smith and Weissman, 1994)
θ̂R =

∑n−r
i=1 1{Xi>Xn−τ+1,n}1{Xi+1≤Xn−τ+1,n} · · ·1{Xi+r≤Xn−τ+1,n}

τ
,(
f. Hsing, 1991,1993; Smith and Weissman, 1994;Weissman and Novak, 1998)

θ̂L = L̂2(1)− 1 =
1

k

n
∑

i=1

1{X(i)

1 ≥X(n−k+1,n)

1 or X(i)

2 ≥X(n−k+1,n)

2 } − 1.
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Copula C:
pd(x) = P (X1 ≤ x, . . . , Xd ≤ x) = C(F (x), . . . , F (x)),i.e., denote cd(.) = pd (F←(.)), the arrow meaning theinverse fun
tion.Lemma 1. For {Xn}n≥1 stationary Markov 
hain oforder d,

θ = lim
x→1

cd(x)− cd+1(x)

1− x
(10)in 
ase one of the two exist. In parti
ular, for d = 1,

θ = lim
x→1

x− c2(x)

1− x
= c′2(1)− 1. (11)

Example.Stationary Markov 
hain of order 1 with 
opula (Kimel-dorf and Sampson (1975))
C(u, v) = u + v − 1 + ((1− u)−1 + (1− v)−1 − 1)−1,

u, v ∈ (0,1). Then c2(x) = 2x2(1 + x)−1, hen
e
lim
x→1

x− c2(x)

1− x
= lim

x→1

x

1 + x
=

1

2i.e. θ = 0.5. 17



GENERALIZATIONSDe�ne
p(i,j)

r (vn) = P (M (i)
r ≤ vn, M (j)

r ≤ vn)and
ǫ(i,j)r (vn) =

log p(i,j)
r (vn)

log p1(vn)
, i, j = 1, . . . , k.Theorem 3 (Consisten
y of θ̂n). Suppose for somesequen
es {vn}n≥1 and r = {rn}n≥1,

ǫr(vn)

r
→ θ ∈ [0,1], n→∞. (12)1. For pr → p0 ∈ (0,1), take k = {kn}n≥1 →∞ and

sup
1≤i,j≤k

(

ǫ(i,j)r − 2ǫr

)

log p1 → 0, n→∞. (13)2. For pr → 1, take k = {kn}n≥1 with k(1− pr) → ∞and
sup

1≤i,j≤k

(

ǫ(i,j)r − 2ǫr

) log p1

(1− pr)2
→ 0, n→∞.(14)Then, for ̂logP (X1 ≤ vn) any "
onsistent"estimator of

log p1,
θ̂n →P θ, n→∞. 18



Example. Max-autoregressive pro
ess: Wn i.i.d. unitFré
het
{

X1 = W1/θ
Xn = max{(1− θ)Xi−1, Wn}, n ≥ 2

p1(x) = e−1/(θx),

pr(x) = e−(1+θ(r−1))/(θx),

x > 0, θ ∈ (0,1]; hen
e for all x > 0,
ǫn(x) = 1 + θ(n− 1),

θ = lim
n→∞

ǫn

n
,and the extremal fun
tions are stable, e.g.

∆k = 2k − 1.
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