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Outline:

e Discuss some basic notions: Markov chains, ex-
tremal index, extremal functions, max-domain of

attraction, dependence characterizations.

e Markov chains: estimation of the extremal index.

e Simulations

e Generalizations



Consider:

e Stationary sequences of r.v.’s, { X, }n>1, with com-
mon marginal continuous d.f. F'(x), = € (ar,wr).

e Condition on the marginal F,

Voso gy - (1 — Fup)) — 7 (1)
(If X,'s are independent then (1) <«
F'"(up) = P (Mmax(X1,...,Xn) <wup) —e".)

e Distribution of maxima,

pn(xz) = P (max(X1,...,X,) <x).

e Markov process (in discrete time with continuous
state space) of order d,

—d
pg_|_1 (z)
(@)

pn(x) = n>d, x¢€ (ap,wr).



EXTREMAL INDEX 6 € [0,1]
(Leadbetter, Lindgren, and Rootzén (1983))

{Xn}n>1 is said to have extremal index 6 if, additionally
to (1),

P(max(X1,...,Xn) < up) — e . (2)
Dependence conditions related to the extremal index?

e Under D(u,) and D'(u,) for all linear normaliza-
tion, if the normalized maxima converges in distri-

bution for some non-degenerate G, then G = GY.

e Under D(u,), 6 exists.

Dependence conditions related to the estimation of

the extremal index?

e E.g. Hsing and co-authors (1988,1991,1993),
Weissman & Novak (1998): establish consistency
and asymptotic normality of some estimators of
the extremal index (e.g. runs and blocks) under
some stonger dependence conditions than D(u.,),

or other contitions ...



e More applied papers, e.g. Smith & Weissman
(1994), Ancona-Navarrete & Tawn (2000) basi-

cally *assume” the above conditions.
Markov chains?

e All continuous state space Markov chains with
non-degenerate transition probabilities satisfy D
condition (O’'Brien, 1987).



EXTREMAL FUNCTIONS {e,(.)}n>1

Sequence of functions defined by,

log P (max(X1,...,X,) <x)
log P(X1 < x)

for x € (ap,wr); whenever clear we omit the argument

: (3)

en(x) =

of the extremal functions and simply write e,.

Examples:

1. Li.d. r.v.'s: e,(x) = n, for all x.
2. R.v.'s totally dependent: ¢,(z) = 1, for all x.

3. Stationary Markov chains of order d:

en=(Mm—d)eg4+1 — (n—d—1)eg, n>d.

Note,
log py, lo —lo lo
¢ = 9Pn _ (n— d) 9dPd+1 gpd_|_ gpd7
log p1 log p1 log p1
for n > d.



Stability condition on the extremal functions

The extremal functions are called stable over the real
sequence {uy,},>1 if, for each integer k£ > 1, there exist
non-negative constants A, such that

where [ ] denotes the integer part.

Continuation of the Examples

1. I.i.d. r.v.'s, ¢, = n:

0 < en — kepp < Ak =k, for all n and k < n.

2. Total dependence, ¢, = 1:
€n — k€| = BDr =k — 1, for all n and k£ < n.
3. Stationary Markov chains of order d: for u, — wp,
a possible choice is

A, = k(d+1)2



STATIONARY MARKOV CHAINS, MAX-DOMAIN
OF ATTRACTION, EXTREMAL FUNCTIONS and
EXTREMAL INDEX

Statement 1 The distribution of the maximum of
the Markov chain conveniently normalized is in the
domain of attraction of some extreme value distribu-
tion: P (max(Xi,...,Xn) <anx 4+ b,) — Gy (z).

Corollary 1 (Ferreira (2005)). If {e,(.)}n>1 are stable
over {un}tn>1 and lim,_ e,(u,)/n exists for some v >
0, then {X,}n,>1 has extremal index 6 and

6 — lim &{tn). (5)

n— 00 n

Conversely, if the process has extremal index then
liMy,— oo €n(un)/n exists for some > 0, and (5) holds.

Note:
en(un)  log P (max(Xy,..., Xn) < wup)
n - nlog P(X1 < uy)
log P (max(X1,...,Xn) <uyp)
ik “n(1 = F(un))
—0T
Nl T — 0.

—T



ESTIMATION OF 6 (A)

We had,
9 ~ log P (max(Xq,...,Xn) <up)
- nlog P(X1 < up)

Y

which motivates,

k
log <% D ie1 1{Mfi)§vn})

rlog P(X1 < wn)
Rewrite a sample of size n, (X1,...,X,) by

{Xi(j)}i:1,...,r;j=1,...,k:
_ (Xgl),...,X§1>,X§2),...,X§2>,...,X§‘“),...,XUf))

that is,

n(sample size) = r(blocks size) x k(number of blocks).

For each sub-sample of size r, i.e. for each ;3 =

1,...,k, denote

MY = max (XP, . X§j>) ,
and use the empirical d.f. to estimate
P(max(Xi,..., Xn) <-); {vn}n>1 is some appropriate

sequence and log P(X1 <w,) is any '"consistent” esti-
mator of the sequence of tail probabilities log P(X;1 <

Un).



A concrete example of 8, is, with v, = X, _,;4+1.,, 7/n —
O (in particular 7 can be fixed),

k
A _ D i—1 1{Mr(i)>Xn,T+1,n}

n

T

It gives a kind of proportion of block maxima which
lie above the threshold. Note that the total of block

maxima above X,,_-41, Can not exceed .

Other example is,

; log (k_l Zle 1{M£”§Xw+1,n}>
e rlog (*=5)

(e.g. Smith and Weissman, 1994).




Theorem 1 (Consistency of 8, F. & F. (2007)). As-
sume that for some sequences {v, }n>1 and r = {rp}tn>1,
with r > d,

er(vn)

r

— 60 € [0,1], n — oo.

1. For pr — po € (0,1), take k = {kn}n>1 — oo and

logp; — O or,

2. forp, — 1, take k(1—p,) — oo and (1—p,)~?logp; —
0,

—_—

and let log P(X1 < wv,) be any consistent estimator of
logpy (i.e. log P(X1 <w,)/logps —¥ 1). Then

0, -7 0, n— oco.
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ESTIMATION OF 6 (B)

Denote by Fy4; the joint d.f. of d + 1 consecutive
r.v.'s from a stationary Markov chain of order d;

Fir1 € D(G,) if, there exists (d 4+ 1)—dimensional
sequences {a,}n,>1 > 0 and {b,},>1, and a (d + 1)-
dimensional d.f. G, with non-degenerate marginals,
such that,

i P (max (X1,...,X,) — b, < X) = G (x) (7)

n—o00 an

(consider all operations taken componentwise) for all
continuity points x = (z1,...,z44+1) of G4; the compo-
nents of v = (v1,...,74+1) are the marginal extreme

value indices.

Fy+1 € D(G) in terms of “Fréchet marginals”,

1 1
lim P [ max O 0 < nx
=00 Isisn \ 1 — F(X;") 1— F(Xdz )

v _
=G (X 1) , x € (0,00)%
8
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The dependence function L introduced by Huang and
co-authors (cf. Huang (1992)) is defined by
x 7T -1

L(x) =—-1logG (
8

) ., x€(0,00)4  (8)
When the components of the vectors x and ~ are all
equal, x and ~ say, respectively, we shall simply denote
Ly(z) in the left-hand side of (8).

Proposition 1. If F;1 € D(G,),

jim €nun)

n— 00 n

for {un}tn>1 = {(1/(1—F)) (nz)},>1 and x > 0. When
d =1 this simplifies to

— nll_)l"go €d+1(un) — Ed(un) — LcH—l(l) - Ld(l)a

en(un)/n — Lo(1) — 1.

“Proof”. F, € D(G,) implies

7 —1

lim n (1 — Fy(un)) = —10g Go ( ) = Lq(1/x).

Therefore,

109 paun) 1 — pa(un)
lOg pl(un) 1 - pl(un)
the equality by the homogeneity of L: L(ax) = aLL(x),

ed(un) ~ ~ unLd(]-/un) — Ld(]-)a

for all a > 0 and x € (0, c0)<.
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The last result motivates the estimator,

0, = Lg+1(1) — Ly(1). (9)

Estimators for L are known from Huang & co-authors.

Or, one can use many of the known relations among
the several dependence functions or dependence pa-

rameters in e.v.t. Just to mention a few:

e case d =1, A = 2 — L>(1), with X the Sibuya’'s
(1960) tail dependence coefficient;

e cased =1, x(t) = L(t,1) —t — 1, with x(¢), t >
0, the dependence function introduced by Sibuya

(1960) and Geffroy (1958);

e case d = 1, L(1,1) = 2A(1/2), where A is the
Pickands’s (1981) dependence function.
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Theorem 2 (Consistency and asymptotic normality
of 0, F. & F. (2007)). If ;11 € D(G,) and 6 exists,

2. Suppose, additionally, that for some o« > 0 and
for all z,y >0 (t — o0)

t {1 — Fd_|_1 ((ﬁ)(_ <§>>} - Ld—l—l(x)"‘o(t_a) )

holds uniformly on {> z? =1,z; > 0,i=1,...,d}
and Lgy1 has continuous first order partial deriva-

tives near 1. Then, for k — oo, k = o (n2%/(1+2),
Vk (0, —0) =* N (0,034, +03),

where N is a standard normal r.v.,

d
03 =La(1) + Y <(L§21(1))2 B zLé’ll(l))
=1

+23 > L@ (2-187)

. . 2
and similarly for og, ;.
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SIMULATIONS

Considered processes:

e Max-autoregressive process (Markov chain of or-
der 1): W, i.i.d. unit Fréchet

X1 W1/6
Xn

max{(1 —-0)X,_1, Wy}, n>2.
Consider 6 = 0.5.

e Markov chain of order 1 with copula (Kimeldorf
and Sampson (1975)),

Clu,v) =ud+v—14+((Q-uw)14+Q-0v)t-1)1

for u,v € (0,1); 6 = .5;

e Markov Gaussian process,
X1 (1 — a2)_1/261
Xn

aXp-1+ €, n>2,
where {e,},>1 are i.i.d. N(0,1 — a?) r.v.'s; take
a=20.5;60=1.
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Considered estimators:

k
_ 2i=1 Livosx, )

ot =

" T

_ k

gB B n Iog (k 1 Zz’zl 1{Mr(i)§XnT+1,n}>

" —rT

_ k
g . log (k ! Zi:1 1{Mr(i)§XnT+l,n}>

T rlog (“—=+1)

(e.g. Smith and Weissman, 1994)

n—r
éR _ ZiZl 1{Xi>X7L*T+1,’ﬂ}1{Xi+1§Xn7T+1,n} T 1{Xi+T§Xn77+l,n}
- Y

-

(cf. Hsing, 1991,1993; Smith and Weissman, 1994;
Weissman and Novak, 19938)

n
_ - 1 Z
HL = LQ(].) — 1 prm— E 1{X:Ei)ZX£n7k+l,n) or X2(i)ZX2(nfk-|—1,n)} - 1

1=1
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Copula C:
pd(x) — P(Xl <z,...,Xqg < .CC) — C(F(CB),,F(CB)),

i.e., denote c4(.) = pg (F(.)), the arrow meaning the
inverse function.
Lemma 1. For {X,},>1 Stationary Markov chain of

order d,

5 pim €a(®) = cap1 (@)
z—1 1 —=x
in case one of the two exist. In particular, for d =1,

(10)

o = lim £ —2(2) = ch(1) — 1. (11)
z—1 1 —x

Example.

Stationary Markov chain of order 1 with copula (Kimel-
dorf and Sampson (1975))

Clu,v) =u4+v—14+((1-w)t+@QA-0v)t-1)1

u,v € (0,1). Then ca(z) = 22%(1 +x)~ !, hence

. x—co(x) , T 1
lim = |lim —
x—1 1 —x t—11 4+ x 2

i.e. 8 =0.5.
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GENERALIZATIONS

Define
Pl (v,) = P(MD < vy, MY < wy,)
and
) (1) = 9P (o). ii=1,... k.
log p1(vy)

Theorem 3 (Consistency of 8,). Suppose for some

sequences {vp}n>1 and r = {ry,}n>1,

er(Un)

— 6 € [0,1], n — oo. (12)

1. For p, — po € (0,1), take k = {kn}n>1 — oo and

sup (eff’j) — Qer) log p1 — O, n — oo. (13)
1<i,j<k

2. For p, — 1, take k = {kp}n>1 with k(1 — p,) — o0

and
- e
up (69— 24) 190 s
1<i,j<k (1—pr)?

(14)

e

Then, forlog P(X1 <wy,) any "consistent"estimator of

log p1,

18



Example. Max-autoregressive process: W, i.i.d.

Fréchet

W1/6
max{(1 —-0)X,_1,W,}, n>2

—
«in
Il

o1/ (02)

o~ (1+H0(—1))/(02)

pi(z) =
pr(z) =

x>0, 8 € (0,1]; hence for all z > 0O,

en(z) =14+60(n—1),

] €
0= lim =,

n—oo N,

and the extremal functions are stable, e.g.

Ay =2k — 1.

19
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