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MOTIVATING EXAMPLE (Brown and Resnick, 1977).

Consider:

e the sequence of processes

{Mn(s)}z0 = {\/ b (Oi (s/b7) — b )}
5>0

where O1,0,,--- are i.i.d. copies of the Ornstein-
Uhlenbeck process; b, = (2log n—loglog n—log 4x)1/2

o {X;}2, an enumeration of the points of a real-
ization of the poisson point process on R4 with
mean measure =z 2dz

e an i.i.d. sequence of Brownian motions W, inde-
pendent of the point process

d > (s)—s
{n(s)}sz0 = {\/ X; & /2} .
1=1 >0

Then we have

(M (8)}s30 = {1(s)}s0
in C(Ry).



POISSON POINT PROCESS

A poisson point process in a state space FE, with
mean measure u (u(A) < oo for compact sets A),
i.,e. PPP(E,u), is the random counting measure N

satisfying

1.

e—u(A)W w(A) < oo
0 , p(A) = o0

(k > 0, A Borel set of E)

P(N(A) = k) = {

2. if A1,..., A, are mutually disjoint Borel sets of E
then N(A1),...,N(A,,) are independent r.v.’s.

{X;}32,; an enumeration of the points of a realiza-
tion of the PPP(E,un), or PPP(E,f(x) dz) if un(A) =

[ f(z) da.



e C(S) - the space of continuous functions on a
compact metric space S (e.g. C([0,1])

e SUP-NOrM - |f|eo := SUPses | f(5)]

o CT(9):={feC(S):f>0}

SIMPLE MAX-STABLE PROCESS

A stoch. proc. {n(s)}sesin CT(S) with non-degenerate
marginals is simple max-stable if

1.
1, d
{— \/ m(s)} = {n(s)}ses
n .
=1 seS
for all positive integers n and »; i.i.d. copies of n
2.

P(n(s)<z)=e", z>0,s€S.

Technical remark: CT(S) is not CSMS. Let
CH(S) :={f€C(S): >0, |flo =1}
and enlarge the space CT(S) to
(0,00] x CTF(5)

which, with an appropriate metric, is CSMS (de Haan
and Lin (2001)).



Proposition 1 (Giné, Hahn and Vatan (1990)).
Let n be a simple max-stable process in CT(S). There
exists a finite Borel measure p on

CH(S) :={f€C(S): f>0,|flw =1}
with the property that

/ f(s)dp(f) =1 for all se€ S,
oA

such that

{1(8)}ses = \/{Ri mi(8) }ses

=1
where (R;, m;) are the points of a
PPP((0,00] x C{(S), r=2dr x dp).

Conversely each process with this representation is
simple max-stable.



Theorem 1 (Main result). Let the process n be sim-
ple max-stable in CT(S). Let {R;}32, be the points
of the PPP((0,c], =2 dr). We can find i.i.d. stoch.
proc. V,Vi,Va,--- in CT(S) with

EV(s)=1, forseS,

EsupV(s) < oo (1)
sES
such that
d O
n=\/ RVi. (2)
=1

Conversely each process with this representation is
simple max-stable.

The process V can be chosen is such a way that

supV(s) =c>0 a.s. (3)
ses



Example. Consider {(X;,Y;)}, points of the
PPP(R2\ {(0,0)}, (#2 4 y2)~3/2 dx dy).

The simple max-stable process

1 .
{5 \/Xicose—l—l/,-sme}
0<o<2nr

i=1
has the above representation. With
x =1rC0OSd
y =1rsing
we have, for r > 0, ¢ € [0, 27],
(22 + y?) 3% dz dy = r=2 dr d¢.
Write
X, = R; CcOsS P,
Y, = R;sin &,.

Since, for each 6, the half plane {(z,y) : xcosé +
ysin@ > 0} contains infinitely many points of the PPP,

1 xO
EVXicose—l—Yisine
=1

R;cos®;cosf + R;sinPd;sind

—

NI~ N~
Il
[

R; ((cos®;cosf + sind;sind) vVO).

—

1

Hence the product of points of a
PPP((0,00] x C{ ([0,27]), 7~2 dr x d¢).

~



Example (cont.) We had

1 .
{5 \/ X,;cosf + Y;sin 9}
0<H<2rm

=1

1 o0
— {5 \/ R;((cos®; cosf + sin d;sind) v O)}
i=1 0<6<27

and in fact
1
5((cos d,; cosf + sinP;sinh) v 0)

are i.i.d. stoch. proc. in Ct([0,2x]), for each 6

1 0+ /2 1
E(—cos(CD—G)\/O):/ —cos(¢p—0)dp =1
2 o 2

—7/2

and

E sup (cos(® —6)VvO0)
0<o<2nr
047 /2

= / sup cos(¢p —0) dp = < co.
—m/2 0<6<2m



PROOF OF THE THEOREM
e 7 simple max-stable (Giné, Hahn and Vatan):
@mm@é@wm@m@
=1
PPP((0, ] x C’I"(S), r=2 dr x dp)

o {Ri, 7i(s) }ses
PPP((0,00]xC{(8), p(CT) r=2 drxdp/p(CT))

{n()}hses = \/{Ri mi()}ses = \/ {Bi 7i() }aes
1=1 1=1

|

PPP((0,00] x Cif, 72 dr x dQ)

Cr:={fe€C(S): f>0,|flo=p(C{)}

d(@) is a probability measure

= Ri/p(CT)
i == p(CT)

= @n

{n(8)}ses = \/ {Ri () bes = \/ {Ri Fi(8) haes
=1 =1



Theorem 2. Let X, X1, X5,... be i.i.d stoch. proc. in
C(S). Let as(n) positive and bs(n) real, be continuous
functions, {Y (s)}scs be a stochastic process in C(S),

Fy(z) := P(X(s) <z)

continuous in x and Us; be the left-continuous inverse
of1/(1—Fs). The following statements are equivalent:

1.

{max Xi(s) — bs(n)} LY ()} g
s a’s(n) seS

in C(S) where as(n) and bs(n) are chosen such
that —log P(Y(s) < z) = (1 + ~(s)z) ") for all
x with 1 + v(s)x > 0.

1
Mmax
{ i<n n(l— Fs(Xi(s)))
in C(S) for all s € S, and

} 42 hes (@)
SES

. Ug(nu) —bs(n)  w®) -1
lim —
n—o0 as(n) v(s)
uniformly for s € S.

(5)

The relation between Y and Z is: {Z(s)}ses =% {(1 +
v()Y (8))1/ 1)} ges.
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